Let G be a quasi-simple algebraic group defined and split over the field k. Let V be a maximal k -split unipotent subgroup of G and Aut(V) the group of k -automorphism of V. The structure of Aut (V) is determined and the obstructions to making Aut(V) algebraic when char/c>3 are made explicit. If G is not of type Λ 2 , then Aut(V) is solvable.
Introduction. In [5]
Hochschild and Mostow showed that the automorphism group of a unipotent algebraic group defined over a field k of characteristic zero carries the structure of an algebraic k-group. For example if V is a vector group over C, then Aut c ( V) = GL(n, C). For more complicated unipotent groups -even over C -little seems to be known about the actual structure of the automorphism group. On the other hand, it was shown by Sullivan in [8] and again by this author in [3] that the Hochschild-Mostow result never holds in positive characteristics when the dimension of the given unipotent group is greater than one.
In [4] Gibbs determined generators for the (abstract) automorphism group of V(k) -the k-rational points of a maximal k-split unipotent subgroup V of any k -split simple algebraic group. The characteristic of the field k was assumed distinct from 2 or 3, but no other assumptions on the field k were made. We refer to such groups V as unipotent groups of Chevalley type. The purpose of this paper is two-fold:
1. To determine the automorphism groups in characteristic zero of unipotent groups of Chevalley type; and 2. To exhibit the obstructions to making these groups algebraic in positive characteristics.
Let Aut v (k) denote the group of k-automorphisms of the unipotent k -group of Chevalley type V. We show (2.9) that there is an exact sequence such that (i) H(k) is the group of k-rational points of an algebraic k-group H.
(ii) N(k) = 0 if char fc = 0, and N(k) = u:=i G a (k) if char k > 3.
(iii) The above sequence splits and Aut v (k) is the semi-direct product of N(k) and H(k). Moreover, if the quasi-simple group containing V is not isogenous to PGL 2 , then Aut v (k) is solvable.
Our treatment of this problem is slightly more general than required to prove the desired results over fields. In fact if A = Z[l/2,1/3], then all schemes (no separation property is implied here) are assumed to be A-schemes and the problem we discuss is that of representing the functor S -> Aut v (S): = Aut s . gr ( Vx A S) for 5 a reduced A-scheme. The results for fields then follow by base change.
After setting up some notation and discussing preliminaries in §0, we proceed in §1 to give a functorial description of the generators described by Gibbs. Section 2 is devoted to the computation of Aut v and §3 to the special case of groups of type A 2 .
The author's debt to Gibbs' work will become clear soon. It is also a pleasure to thank J. Tits for several useful comments on an earlier version of this paper.
Preliminaries.
0.1. Let 5£ be a simple complex Lie algebra with root system X and fundamental roots ΦcX. There is a unique (up to isomorphism) smooth algebraic group scheme ch(Φ, X), defined over the integers, corresponding to SB called the 
The Gibbs subfunctors
In [4] Gibbs listed six types of automorphisms of the abstract group V(k) for any field and showed that every automorphism was a product of these six types. We shall give here five of those six types -described functorially -which will in fact generate Aut v (S) for any reduced A-scheme S. 
(S).
Finally, recall that the abelian group structure on A(S) is given by (ci + c 2 )(t)= Ci(ί)+ c 2 (t) all t G G α (S); so w c is in fact a monomorphism of group valued functors.
Graph automorphisms.
Let Π be a finite group of automorphisms of M which stabilize Φ and hence Σ + . Then an element g G Π determines a graph automorphism w π (g) of Vx Λ 5 over S for an A-scheme S via the assignments x r (t)-*x g(r) (t) all r£l, + and ίG Γ (5, O s 4 , then Π = S 3 . These are the only graph automorphisms which occur. We identify Π with the constant functor and see immediately that w π is a monomorphism of group valued functors. 1.5. Extremal automorphisms. Let r N be the unique root in Σ + of maximal height (cf. 0.6). Then there is a root r, G Φ such that r N -r, G Σ + . Suppose temporarily that Σ is not of type A/ or Q. Put E = G a and define a map w E : E->Awί v as follows: For any A-scheme S and u G E{S) = Γ(S, O s ) let w E (w) be the map which acts trivially on x r (t), r^r, and which sends jc r ,(ί) to X r , (φr^r. {ut)X for all t G Γ(S, O s ). As in [4: §4] (u) and w E (0, v)= w 2 (v).
The structure of Λut v .
The purpose of this section is to describe the functor Aut v in terms of the Gibbs subgroups and prove that these generate when Aut v is restricted to the category (Sch/Λ) red of reduced A -schemes. Let A v be the subgroup of Aut v generated by 77, D, E, I and C. We assume throughout this section that Xτ^Λ 2 , B 2 . We let V be a unipotent group of Chevalley type over A and S an A -scheme. Proof Recall that if U is any abstract group, U' its commutator subgroup and Z its center then there is a well-known homomorphism of monoids a: Hom(l//l/',Z)-»End(t/) defined by a(h)(u) = uh(uU'). Since Aut(U) operates on all objects involved and clearly preserves α, the intersection Imα Π Aut(l/) is a normal subgroup of Aut(U). 
Applying this to our case set
where u' = (α(r N )/α(r ί ) 3 
) u. Hence, in any case, D(S) normalizes E(S) and hence W(S).
The last assertion of the proposition will follow if we can show that DΠW = {1}. Let wEW (S) and deD(S) corresponding to the character a. Proof. We have seen in 2.1 that Π normalizes C and it clearly normalizes /, so it remains to show that Π normalizes D and E.
Let dED(S) correspond to the character a. Then if p E Π, pdρ~][x r (t)] = x r (a(p~\r))t).
Hence 
), then ρeρ~λ = e'E. E(R).
In fact, if Σ is not of type A,, then pep" 1 = e. If Σ is of type C, (/ ^ 3), then π = 1 and there is nothing to prove.
Now suppose p E Π and p = diec, d E D(S), / E /(S), e E E(S) and c E C(5). Then d~ιρ maps X Γ| (S) onto X p(ri )(S). But iec acts trivially on V(S)/V 2 (S),
since Σ 7^ A 2 or B 2 Hence p(r ι )=r ι and p is trivial. This completes the proof.
We need the following well known lemma. LEMMA 
Let v = x s Xt { ) xj^t?) x sκ {tκ) be an element of V(S) with 5, < 5 2 < "<s κ . Then for all r E Σ + and all t E Γ(S, O s ) (intu)jc Γ (O = Xr(t)x r +sXC nrSι (-t t t)) -where i ^ K is the least integer such that r + s, E Σ + .
Proof If K = 1 the result follows from Chevalley's commutator formula [1: 5.2.2] . The general case follows by a straight forward induction argument. PROPOSITION 
An element c E C(S) lies in E(S) I(S) if and only if it lies in I(S) and is conjugation by an element of V h -χ(S), where h = h(r N ). Proof
Suppose c = e y/ 
Λ (0)
Now if / is not identically zero, we have r, -\-s } = r N -2r x so that Sj = r N -3r, E Σ + . But this is impossible since the Cartan matrix for Q shows that the r, chain of roots through r N has length 2. Thus / is identically zero. It must happen, then, that r, + s } = r N -r t so that s, = r N -2r, and g(t) = N^^lty).
We have shown that e is given by (5), i = 1, /, has the same effect as a central automorphism on X Γ| . (5), i = 1, /. In particular, these two types of automorphisms commute with each other since Σ is not of type A 2 and thus their product gives an element of C(S).
Since the x Γι (t\ r, E Φ, t E Γ(5, O s ) generate V(5) as a group, the proof is complete. PROPOSITION 
The subfunctor W = El is representable.
Proof. We shall show that W is the semi-direct product of two representable functors. Suppose first that X is not of type Q. We claim that, in this case, W is the semi-direct product of E and /.
Let e E £(5) Π /(S), say e = y with y = intx^) x sκ (t κ ). Then if r N -r, E Σ + , r, E Φ, using Lemma 2.4 we have Equating terms we see that r, + 5 y = r N -r, hence 5 ; -r N -2r, E Σ + , contradiction. Hence e = y = 1. Now suppose Σ is of type C/. Then Thus r, + Sj = r N -2r, so s, = r N -3r, E Σ + , a contradiction. Hence e must be of the type considered in the first part of the proof. Equating terms again, we find that s, = r N -2η. As in the proof of Proposition 2.5, we can find a G Γ (5, O s rN -2r ,(ut) ,
e[x r (t)] = x r (t), r^r t }.
Then Eι Π I(S) = 1 so W is the semi-direct product of E x and I(S).
Finally, since E, E x and / are representable, so is W.
Let S be a reduced A-algebra and c an element of Λ(S) = Hom Sgr (G fl x Λ S, G a x A S) .
Then, since An entirely straight forward computation shows that CΊ and C 2 are both normal subfunctors of A v . In fact, E and / centralize C so one need only check conjugation by elements of D and π and the result for these subgroups follows essentially from the definitions.
We define H to be the subfunctor of A v generated by TΓ, D, E, I and d and set JV = C 2 . PROPOSITION 
For any A-scheme S, A V (S) is ίfte semi-direct product ofH(S) and N(S).
Proof. Clearly <H(S),ΛΓ(S)> = A V (S) and it suffices to show that H(S) Π N(S) = 1. This follows from 2.2, 2.3 and 2.5. 
Aut v (S)-+l\ AMίv(S,)=sΠ Λut v (S t ΠS t )
where the rows are exact. It follows that the theorem holds if and only if it holds for affine schemes 5. Moreover, since connected components are open, we may also assume each S t is also connected so it is enough to establish the result when S = Spec/? is reduced and connected.
The theorem holds when R is a field by [4: Theorem 6.2] . We indicate now how each step used in the proof of the case for fields can be carried out over R. The proof proceeds through seven steps. We write
Aut v (R) for Aut v (SpecR).

I. Let t u
, U be arbitrary nonzero elements of R and suppose θ G Auty(R).
If 0 
Aut v (R)-+Aut v (A').
We 
II. Let θ G Auty(R).
Then there exist a graph automorphism gGΠ such that g λ θ(X rι (R)) = X rι (R) mod V 2 (R) for each fundamental root subgroup X r (R), r t G Φ.
Proof.
By step I, θ(X rι (R)) = X rp0) (R) mod V 2 (R) for l^i^l, where p is some permutation of 1,2, , /. Then it follows as in [4:6.4 ] that p induces a symmetry of Σ-the set of all roots. The corresponding graph automorphism g G Π does the trick.
III. Let g and θ be as in II. Then there is a diagonal automorphism dED (R) such that d^g^θ acts trivially on V(R) mod V 2 (i?)
Proof By II, g~*0 induces an automorphism of
, W/). Since g' ι θ is an automorphism, it follows that w, is a unit in R all /. 
IV. Let θ G Auty(R)
and suppose θ acts trivially on V mod V 2 . Then there is an inner automorphism i E I such that i~ιθ acts trivially on V mod V m where m = h -1 if Σ is not of type C, and m = /ι -2 if Σ is of type C, and where to = h(r N ) is the height of the highest root.
Proof. It clearly suffices to show that if2^n^m-l and θ acts trivially on V mod V π , then there exist an inner automorphism iE.1 such that i~λθ acts trivially on V mod V n+] .
Let sGΓ have height n and suppose that for some fundamental root r,GΦ (g'(t) ) , then g' is also identically zero. But all of the above relations hold after reduction to RIP for any p E SpecR. If K is the quotient field of R/P, the above relations hold for the image of i~ιθ in Aut Gr ( V(K)).
Then by arguments similar to those given in [4:6.7] g and g' are identically zero. Now we can find such an inner automorphism i s for each root s such that h(s) = n -1. If we put / equal to the product of all these inner automorphisms, then i~ιθ acts trivially on V(R)/V n+ι (R) and the lemma is proved. 
VI. If θ<ΞAut v (R)
acts trivially on V(R) mod V h . λ then there exist an inner automorphism / E I(R) such that i~ιθ acts trivially on
V(R) mod VH-^R) and on V 2 (R).
VII. If θ GAuty(R)
acts trivially on V(R) mod K_i(i?) and on V 2 (l?) then θ = iec where / E /(/?), eE£(U) and c E C(i?).
The proofs of these assertions follow from adaptations of the proofs of Lemmas 6.8, 6 .9 and 6.10 of [4] similar to the arguments we have given above.
We have shown that the subfunctors Π, D, /, E and C generate Aut v when these functors are restricted to (Sch/A ) red and V is not of type B 2 or Λ 2 . These two special groups can be treated directly just as in [4:6.11 ]. We discuss them in §3.
